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Abstract
We give an other proof of the classical Beurling theorem on z -invariant subspaces in the classical
Hardy space H 2(D) over the open unit disk D, in which the concept of Berezin symbol is not used
(see M.T. Karaev [On some problems related to Berezin symbols, C. R. Acad. Sci. Paris, Ser. I 340
(10) (2005) 715–718]). This improves the author’s proof in Karaev (2005).
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LetT be the unit circle in the complex planeC and letL2(T) be theHilbert space of square
integrable functions with respect to arc-length measure. Recall that the Hardy spaceH 2(D)
over the open unit disk D is the closed subspace of L2(T) spanned by the non-negative
powers of the coordinate function z. The celebrated Beurling theorem [2] characterizes the
closed subspaces of theHardy spaceH 2(D), invariant by the shift operator S, Sf (z)=zf (z).
Theorem (Beurling [2]). If E is a non-trivial closed subspace of H 2(D) such that SE ⊂
E, then there exists an inner function  such that E = H 2(D).
Beurling’s theorem and its generalizations were proved by many authors (see, for in-
stance, [1,4,5,10–12], and references therein). The original proof of Beurling is based on
E-mail address: garayev@fef.sdu.edu.tr.
0723-0869/$ - see front matter 2006 Elsevier GmbH. All rights reserved.
doi:10.1016/j.exmath.2006.11.003
266 Mubariz T. Karaev / Expo. Math. 25 (2007) 265–267
the Riesz–Nevanlinna decomposition of Hp functions into inner and outer parts and on
extremal properties of inner functions. In this article, we give a different proof of Beurl-
ing’s theorem which is based on reproducing kernels and Toeplitz operators, and somewhat
improves the author’s proof in [7].
Proof of Beurling’s theorem. Let E ⊂ H 2(D) be a non-trivial z-invariant subspace. It is
well-known that k(z) = 11−z is the reproducing kernel of H
2(D), that is f () = 〈f, k〉
for all f ∈ H 2(D) and  ∈ D. Clearly,
kE (z) = PEk(z)
is the reproducing kernel of E, where PE denotes the orthogonal projection from H 2(D)
onto E. It is easy to see that (1 − z)kE (z) is the reproducing kernel of the subspace
EzE. Then, by considering the well known fact that dim(EzE)= 1 (see, for instance,
[6, Section 7, p. 112]), we have
(1 − z)kE (z) = ()(z) (, z ∈ D) (1)
for some function  ∈ EzE, with ‖‖2 = 1, which implies that
|()|2 = (1 − ||2)kE () = (1 − ||2)‖PEk‖221,
and hence  ∈ H∞(D). Now (1) shows that
PEk(z) = kE (z) =
()(z)
1 − ¯z = TT
∗
 k(z) (∀ ∈ D),
whereT is a boundedmultiplication operator (i.e., an analytic Toeplitz operator) onH 2(D).
Since {k :  ∈ D} is a complete set in the Hardy space H 2(D), this gives PE = TT ∗ ,
which implies that TT ∗ TT ∗ = TT ∗ , or TT||2T ∗ = TT ∗ . Therefore T||2 = I (because
ker(T) = {0}), that is |()| = 1 a.a.  ∈ T, and hence  is an inner function. Now notice
that TT ∗ is the projection from H 2(D) onto H 2(D). This shows that E = H 2(D). 
Similar arguments are contained in [7]; for other applications of themethodof reproducing
kernels, see [3,8,9].
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